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Suboptimal Feedback Vibration Control of a Beam
with a Proof-Mass Actuator

H. Politansky* and Walter D. Pilkeyt
University of Virginia, Charlottesville, Virginia

A clamped-free beam, damped by a proof-mass actuator, is selected for small-scale model research of flexible
structures in space. Because of the short length of the actuator, the dynamic behavior of this system is strongly
influenced by the constraints on the motion of the proof mass and by the maximum control forces available. An
optimal solution is presented, in which a linear programming algorithm is used. Then, by special consideration of
the constraints, a simplified suboptimal feedback position control is used, controlling the system by imposing
position commands on the proof mass rather than using direct force inputs. The resulting time response closely fits
the optimal solution. An adequate response is achieved in the linear and nonlinear regions, even when the proof mass

violates its constraints.

Introduction

HE problem of controlling large space structures has

received considerable attention in recent years.! The
proof-mass actuators>* provide a potential means for damp-
ing the elastic modes of the structure. They consist of a mass
that is free to slide along a finite length track. By use of an
electromagnetic force field, the proof mass can be accelerated
in either direction along its track, and the resulting reaction
force acts on the structure. Because of design limitations® the
force available is limited, and the track on which the proof
mass slides is of a finite length. An electromagnetic force must
be applied to avoid violating the end constraints and intro-
ducing detrimental nonlinearities.

A prototype structure consisting of a cantilevered beam
damped by a proof-mass actuator was designed* and is illus-
trated in Fig. 1. This is a small scale preliminary model for
large, flexible space structures. The system contains a proof-
mass actuator attached to the free end of the beam. The free
endpoint acceleration is measured by a servo-accelerometer.
The relative proof-mass position along its track is measured
by a proximeter. Heretofore, the primary control approach
has been to control the lower frequency vibration modes using
a feedback control system designed by a pole-placement tech-
nique. For the 25-mm-long actuator, it was found to be
difficult to avoid having the proof mass violate its stops,
which introduces undamped nonlinear behavior.

One control approach using the so-called “maximum en-
tropy design methodology’® was introduced recently. This
approach seems to deal with the linear region of the actuator.
Another approach is based on limiting performance control
theory.®” This method calculates the control force as a func-
tion of time for a known system and initial conditions, subject
to certain constraints, and minimizes a given performance
index. An alternative approach can be obtained by using the
dynamic programming method.® Numerical results are quite
promising, but the computational load with such a control
would be heavy and difficult to obtain in real-time systems.

Recent attempts to deal with the proof-mass control prob-
lem have either concentrated on the linear region of the
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Fig. 1 Clamped-free beam controlled by a proof-mass actuator.
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Fig. 2 System model.

actuator or have used computational methods that may be
difficult to realize in real-time systems.

A design approach based on optimal control theory is
selected in this study. The primary concern here is to obtain
the simple feedback control law that works even in the
nonlinear region where the proof-mass may violate its stops.

A Mathematical Model

A perfect model is rarely obtained for any physical process.
One of the most prominent sources of modeling error in large
flexible space structures is the deletion of modes in the
formation of the design model.® The low-frequency modes,
which are more accurately known, are retained, and the
high-frequency modes are deleted. Here, a simplified one-
mode system is used, including the beam’s first mode and a
perfect proof-mass actuator (with no time delays). Modern
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control theory will be used to obtain optimal first-mode
performance. The control of the first mode might excite higher
modes in the system. The sensitivity of the high-frequency
mode will be examined by considering an additional mode as
illustrated in Fig. 2. The state equations of the system de-
scribed in Fig. 2 are

X1 =V, (1)
VI:‘(_KIXI_CIV1+FC)/M (2)

X, =V, 3

I7}1 =(_Kan _CnVn+Fc)/M (4)

d=w (5

w=(K X, + KX, + C\V;
+ GV, )M —F.(1/m + 2/M) (6)
where

X1, X, = first and additional mode deflections
V., V, = corresponding velocities
K|, K, =equivalent modes stiffness
C,, C, =equivalent damping constants
M = equivalent main mass
d, w = proof-mass relative position and velocity
F, = control force

The system is subjected to the following constraints:

[Fel < Frnaxs |d| < diyax €

We will assume all the modes to be asymptotically stable.
Nominal values of the system parameters for the first two
modes are given in Table 1.

Unconstrained Optimal Control

The dynamic process is characterized by the system of
differential equations:

X=AX +BU (8)

where X is the state vector, U the control vector, and 4 and
B are known matrices. We seek a linear control law of the
form

U=—K®X 9)

The matrix K(¢) is suitably chosen to minimize the following
quadratic performance index

J=%r (XTQX + UTRU) dt (10)

The matrices Q and R are positive definite and are chosen by
the designer. The lower limit on the integral is the present
time, the upper limit is the final time, and the time difference
is the control interval. The optimal feedback gain is time-
varying and depends on the Riccati equation solution!®:

S=—A47S—S4+SBR'BTS - Q an
J=3X7Sx (12)
K =R™'BTS (13)

We are interested in the steady-state behavior of the process.
In this case S =0 and satisfies the algebraic Riccati equation
(ARE)

ATS + 854 —SBR-'BTS + Q =0 (14)
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Table 1 Nominal values of system model parameters

Parameter name Symbol Value
Proof mass m 0.278 kg
Equivalent main mass M 278 kg
First-mode eigenfrequency 6.28 rad/s
Equivalent first-mode stiffness K, 109.75 N/m
First-mode damping constant C, ~0.0 kg/s
Second-mode eigenfrequency ~40.0 rad/s
Equivalent second-mode stiffness K, 43146 N/m
Second-mode damping constant C, 2.2 kg/s
Proof-mass free space diax +1.27 cm
Maximum force available Frax +20 N
where

K =R-BTS (15

When the control law [Eq. (15)] is used to control the process
[Eq. (8)], the closed-loop dynamic behavior is given by

X=4.X 16)
where

A, =A-BK amn

There seems to be two basic types of numerical algorithms
for solving the ARE®: those that go after the solution directly
by iteration and those that proceed indirectly through eigen-
value and eigenvector expansions. In our case the second
method is used.

Proof-Mass Control Design Without Consideration of
Constraints

Consideration of the first mode in the system shown in Fig.
2 results in the following state equation:

X =AX + BF, (18)
where
X7 =[X,V,dw] (19)

For the nominal values given in Table 1

0 100 0
—3948 0 0 0 | o036
4= o 00 1/ B 0 (20)
3948 0 0 0 —~3.96

The first mode eigenvalues are +6.28i.
To obtain a damped, closed-loop, first-mode frequency of
about 15 rad/s, the following performance index was chosen:

J= J (X2 4 0.00142 + 0.000001 F2) dt 21
0

The resulting feedback gain matrix is
K =1928.54, — 57.65, — 31.62, — 12.86} (22)

The first-mode closed-loop eigenvalues are —13.16 + 14.46i.
The actuator closed-loop eigenvalues are —1.99 + 2.79i.

The time response for X;(0) =1 mm is given in Fig. 3. The
control system damps the elastic mode within less than one
cycle. Increasing the initial condition to X;(0) =1 cm results
in impacting the stops. In such a case, elastic impacts between
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the proof mass and the end stops are assumed. The velocity
changes for elastic impacts are

dw = —2w (23)
v, =2wm/(M +m) (29

The time response for an impact situation is shown in Fig. 4.
The elastic impacts have caused undamped behavior. A pos-
sible way to deal with the impacts is to assume plastic impacts
in the stops. An alternative method will be discussed later.

Optimal Control Considering Constraints Via
Linear Programming

Any suboptimal solution should be compared to the opti-
mal solution. Through the use of a linear programming
method,!! the optimal control can be determined such that an
objective function is minimized while the constraints are
satisfied. The state of the system is defined at discrete times,
and the control forces are assumed to be pulses of constant
amplitude across the time intervals. The discrete time repre-
sentation of the system!? is given by

X 1=ATX, + BTU, (25)

where
AT = g4 D" (26)
Dt=t,,—1 (27)

The matrix €, for a given square matrix G, is evaluated by

Gl GZ G3
G — — b T e
e—I+1!+2!+3!+ (28)

Unbounded control will never appear in practice. The
control input will assume to be bounded by

Umin < Uk = Umax (29)

The linear programming method is defined such that posi-
tive variables are computed. Normally this restriction is re-
moved by defining each variable as the difference of two new
positive unknown variables.®’ This approach can be avoided
by defining

UrP, =U, — Uy, (30

so that all UP, have positive values.

By using Egs. (25) and (30), any state variable at any time
t, can be expressed as a function of the initial condition and
the input control vector:

UH{(m - k) =[UP{(m) UPI(m) UP{(m)] (31)

to satisfy the equalities
X, (n) = By(n,m - K\ UH,(m - k)
+ AT(n,n)*X,(n) + C\(n) (32)

where n is the number of state variables; m is the number of
controllers; and k is the number of intermediate time steps.
Equations (30) and (32) are used to set up the linear
programming tableau!! as follows:
1) Inequalities due to control constraints for a// the con-
trollers between the first and final time step [use Eq. (30)]:

UHk = Umax - Umin (33)
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Fig. 4 Nonlinear time response.

2) Inequalities caused by some of the state variables that
are constrained between the first and the final time steps [use
Eq. (32)]:

Xk = Xmax (34)
X < Xpin (35)
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3) Equalities caused by some of the state variables for
which final values are specified by a given vector Xg,.1:

Xf = Xﬁnal (36)

where 1 is the number of final time steps.

4) Inequalities caused by some of the state variables for
which final values are to be minimized (not the variable for
which the final values are specified above):

X, < X, (37
X, > —X, (38)

where X, is a positive unknown vector that bounds the final
state. The linear programming task is to find a solution such
that the given constraints are satisfied while the objective
function is minimized:

Z=K,X, (39)

where K, is a positive weighting vector.

For a controllable system there are a minimum finite num-
ber of time steps k,,;,, in which a zero value for the objective
function can be achieved.

For k < k;, we get Z >0, and the solution is a function of
K,.

For k = k., we get Z =0 for any K,. That is the minimum
time solution.

For k > k,,;, we get Z =0, and the solution is not unique.
In this case, the minimum time solution is one possible
solution.

The algorithm previously described was performed using
the simplex method algorithm.!* A time step size of 0.025 s is
selected for our proof-mass system. The minimum time solu-
tion for an, initial condition X;(0) = 1 cm is presented in Fig.
5. Zero values for all of the state variables are achieved within
2.425s. The resulting control forces have a complex bang-
bang behavior (not shown in Fig. 5). But the proof-mass
motion along its finite length track is rather simple. This kind
of motion can be implemented by using a direct position
control, which will be considered next.

Suboptimal Control Considering Constraints

The minimum time solution obtained previously implies
that a simple controller can be accomplished by controlling
the relative position of the proof mass along its track rather
than determining direct control force commands. We expand
the system by combining it with a position loop, as indicated
by the dashed lines in Fig. 6. All of the state variables arc
assumed to be perfectly known or observed:

—d, = desired proof-mass relative position
—d = actual position of the proof mass
—a = system acceleration
—K,,, K, = accelerometer and proximeter gains
—A4,, A4, = position loop feedback gains
The objective of the accelerometer loop is to feed on force
commands because of structure accelerations. The goal of the
proximeter loop is to keep the proof mass near its desired
relative position. For K,, = K, =1, K,, = m, and considering
the first mode in the beam model, the state equations of the
system are

X, =V (40)
Vl = ('—KIXI - C] Vi +A1md
+ Aymw — Aymd.)/(M + m) 41)

d=o (42)
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Fig. 6 Position-controlled system.

W= —Aid— Ayw + Ayd, (43)

The system constraints are

IFc[ < Fmaxs Idl < dmax (44)
where
F.=[—a+A4,d, —d) + Aw]m (45)

Because of the accelerometer feedback a;, the proof-mass
relative position d/d, is insulated from the outside system in
the open-loop sense. Its closed-loop dynamics is determined
by the proximeter feedback. The resulting transfer function
dld, is

did, = A,/(s*> + Ays + A) (46)
We would like Eq. (46) to be critically damped where

Ay = Frpar/(Mdinax) (47)

A,=2./4, (48)
Now, by limiting
|d.| < dunax (49)
and for
a < Fp,/m (50)

the system will not exceed the given constraints [Eq. (44)].
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Introducing a position loop into the system and choosing
its gains properly make it possible to obtain a system where
only the loop’s input is constrained. For a general perfor-
mance index of the form

1 T
J=5f L dt (51

the optimal control can be treated through Hamilton’s prin-
ciple.® The Hamiltonian is defined by

H=L+p'X (52)

where p is the co-state vector.

For the case of constrained input, Pontryagin® states, “the
Hamiltonian must be minimized over all admissible control
for optimal values of the state and costate.” In the case under
consideration, the Hamiltonian is a quadratic function of a
single control input, and there is' only one location where the
Hamiltonian is minimized. The control in this point will be
denoted in our case as d,,,. Pontryagin’s minimum principle
leads in this case to the following optimal solution

dmax for dL‘ dmax
d, = Aoy for A pax (53)

ANV

for dC max

™ “max

For the chosen gains [Eqs. (47) and (48)] and for the system
parameters given in Table 1,

0.00 1.00 000 0.0 0.00
_|-3589 000 4800 418 |, _ |-48.00
4="1" 000 0.00 000 100 {B=1| 000
0.00 0.00 —529.00 —46.00 529.00

' (54

The open-loop eigenvalues are
—23.0, —23.0, +£5.99i (55)

The following performance index is chosen as
J=J (X3 + pd?) dt (56)
(¢}

The parameter p will determine the closed-loop speed of
response. For pu = 0.001, the closed-loop eigenvalues are

—32.29 +23.37i, —2.03 + 2.80i (57)

and the resulting feedback gain matrix is

K=[-27.04 274 000 0.29] (58)

The time response for an initial condition X;(0) =1cm is
given in Fig. 7. Two regions are identified in the optimal
solution [Eq. (53)]. For the first 3 s, the optimal input is on
the boundaries ( & d,,.,)- The proof mass is moving as in the
minimum time solution, and the time response closely fits the
response shown in Fig. 5.

Sensitivity to High-Frequency Modes
The expected second-mode frequency in our system is about
40 rad/s. It is not far from the closed-loop cigenvalues ob-
tained in Eq. (57). Care must be taken to avoid cross coupling
between them. By introducing the additional mode in Fig. 2
to the system with the position loop described in Fig. 6, the
following state equations are obtained:

X, =V (59)
I./1 = [""I(l(1 + nn/]k[))X] + }(;(nn/l\[)ix; + (jn(nq/]k[)ljg
+ Aymd + Aymw — Aymd ) (M + 2m) (60)
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Fig. 7 Closed-loop time response with position control.

X, =V, (61)

V, =K m/M)X, — K1 + m/M)X, + C,(m/M)V,
+ Aymd + A,mw — Aymd ] [(M + 2m) (62)
d=w (63)
W= —Ayd— Aw + Ad, (64)

In matrix notation, the state equation is
X =AX +Bd, (65)
where
XT=[X, Vi X, V, dw] (66)

For the nominal values given in Table 1 and for 4, and 4,
chosen as in Eqs. (47) and (48),

0.00 1.00 0.00 0.00 0.00 0.00

—36.19 0.00 129.33  0.07 44.08 3.83

_ 0.00 0.00 0.00 1.00 0.00 0.00
A= 3.29 0.00 —1422.68 —0.73 44.08 3.38
0.00 0.00 0.00 0.00 0.00 1.00

0.00 0.00 0.00 0.00 —529.00 —46.00

(67)
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—44.08 0.00

BT =1[0.00 —44.08 0.00 529.00] (68)
The system open-loop eigenvalues are
—23, —23, 599, —0.36 +37.72i (69)

An attempt to control this second-order system by using the
feedback gain matrix [Eq. (58)], obtainied for a single-mode
model, results in an unstable closed-loop system, as shown in
Fig. 8. To avoid this instability; the second mode should be
included in the control design. Then, check the sensitivity to
the higher modes deleted from the model and hope for the
best. This method requires additional information and mea-
suréments that might not be available. An alternative ap-
proach is to reduce the bandwidth of the closed-loop system
up to a point where the control of the low-frequency modes,
which are more accurately knowi, will not excite the expected
high-frequency modes. The designer should not attempt to
alter the dynamic behavior of the open-loop process more
than is required'* because of the uncertainty of the high-fre-
quency dynamics of the process.

Another reason for limiting the bandw1dth is the sensitivity
to noise. If the input to the system contains a good deal of
noise, it might be desirable to reduce the bandwidth to
prevent the system from becoming excessively agitated by
following the noise.

In Table 2 we calculate the optimal control for a first-order
system as a function of the control effort parameter u where
the performance index is

J= J (X3 + pid?) de (70)
0
The feedback control
d=—KX1—KV1—K,,d—va )

is obtamed and the resultmg closed -loop ¢igenvalues of ore-
mode and two-mode systems are calculated. Incréasing u
results in reducing the feedback gains. We have selected the
working point marked in Table 2 to obtain a closed-loop
bandwidth that is below the expected eigenfrequency of the
second mode and does not excite it. The time response of the
system for the selected control is given in Fig. 9. The stab111ty
of the closed-loop system to the additional mode frequency is
examined in Fig. 10. Additional eigenfrequericies in the range
of 1-3.75 Hz will be excited ({ <0) by the control of the
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first-mode frequencies. The expected second-mode frequency
is about 6 Hz, and higher eigenfréquencies are far above the
control system bandwidth and will probably not be affected
by it.

End constraints

Proof-mass
relative position

____________________________________________________

-1.5

TIME sec

Fig. 8 Effect of the second mode for a hlgh-bandwulth closed- -loop
system.

Table 2 Elgenvalues of the closed-loop system as a functlon of the control effort parameter u

[Eqs. (70) and (71)]

Feedback gains

Effort, p K K, K

One-mode system Two-mode s'ystein

- " eigenvalues eigenvalues -
0.001 —27.04 2.74 0.29 —32.29 +23.37i —38.01 +17.26i
—2.03+ 2.80i —2.33+ 2.69i
+0.66 + 34.93i
0.005 —10.64 1.55 0.16 —25.89 + 12.78i —28.63+ 6.89i
—211+ 4.28; —2.38+ 4.35i
‘ —0.51 £ 35.59i
0.01 —17.05 1.18 0.12 —24.54+ 9.42i —26.33 & 3.89¢
—1.88 + 4.89i —2.06 + 5.00i
—0.70 £ 36.05i

0.05 -2.73 0.59 0.06 —23.314+ 4.35i ~29.91 —18.95
—1.07+ 571 —1.11+ 581
—0.69 + 36.90i

selected gains
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Fig. 9 Effect of the second mode for a low-bandwidth, closed-loop
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Conclusion

A combined optimal/classical design approach for con-
trolling the vibration of a clamped-free beam by a proof-mass
actuator is presented. For short-span actuators, the dynamic
behavior of the proof-mass system is dominated by the con-
straints on the motion of the proof mass and by the maximum
control forces available. All recent attempts to deal with this
control problem have either concentrated in linear regions,
where the proof mass does not violate the end constraint or
have used mathematical programming methods, including
consideration of the constraints, but leading to a system that
may be difficult to carry out in real time. '

In the present work, a minimum time solution is obtained
by use of a linear programming method. Then, by special
consideration of the constraints and the effects of the residual
higher modes in the system, a simplified suboptimal feedback
position control is utilized to obtain an optimal low-frequency
performance and bounds on the high-fréquency modes. Ade-
quate results are obtained for the linear and nonlinear regions,
even when the proof mass violates the constraints.
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